ABSTRACT -For a finite group G different from a cyclic group of prime power order, we introduce an undirected simple graph D(G) whose vertices are the proper subgroups of G which are not contained in the Frattini subgroup of G and two vertices H and K are joined by an edge if and only if G hHY Ki. In this paper we study D(G) and show that it is connected and determine the clique and chromatic number of D(G) and obtain bounds for its diameter and girth. We classify finite groups with complete graphs and also classify finite groups with domination number 1. Also we show that if the independence number of the graph D(G) is at most 7, then G is solvable.
Introduction
There are different ways to associate to a group a certain graph. In this context, it is interesting to ask for the relation between the structure of the group, given in group theoretical terms, and the structure of the graph, given in the language of graph theory.
As a pioneer, Bosa Âk [5] , in 1964, defined the graph of subsemigroups of a semigroup. Inspired by his work, Csa Âka Âny and Polla Âk [6] in 1969, studied the intersection graph of subgroups of a finite group. Zelinka continued the work on the intersection graph of subgroups of a finite abelian group [12] . Also Shen [11] in 2009, classified finite groups with disconnected intersection graph of subgroups and solved a problem posed by Csa Âka Âny and Polla Âk [6] . More work on graphs associated to subgroups of a group or submodules of a module or ideals of a ring can be found in [9, 4, 1, 7] .
Motivated by previous studies on the graph of algebraic structures, for any finite group G different from a cyclic group of prime power order, we define an undirected simple graph D(G) whose vertices are the proper subgroups of G which are not contained in the Frattini subgroup of G and two vertices H 1 and H 2 are joined by an edge if hH 1 Y H 2 i G. Our main goal is to study the connection between the algebraic properties of a group and the graph theoretic properties of the graph associated to it.
Throughout this paper all groups are finite different from a cyclic pÀgroup. For a group G, p(G) denotes the set of all prime divisors of jGj. For p P p(G), the set of all Sylow pÀsubgroups of G is denoted by Syl p (G) and n p X jSyl p (G)j. w(G) denotes the set of all maximal subgroups of G and F(G) is the Frattini subgroup of G which is defined as the intersection of all maximal subgroups of G. 
, is the length of a shortest cycle and a graph with no cycle has infinite girth. A tree is a connected graph which does not contain a cycle.
A star is a tree consisting of one vertex adjacent to all others. A complete graph is a graph in which every pair of distinct vertices are adjacent. A complete graph with n vertices is denoted by K n . By a clique in a graph D we mean a complete subgraph of D and the order of a largest clique of D is called the clique number of D and is denoted by v(D). definitions are standard; in the scope of group theory and graph theory; see for instance [10, 3] .
In this paper, we study some graph properties of the graph D(G). We see that D(G) is always connected with diameter at most 3 and if it contains a cycle, its girth is always 3 or 4. Also we classify finite groups with complete graphs and also groups whose graphs have domination number 1. We show that the clique and chromatic number of this graph is equal to the number of maximal subgroups of G. Some results about the independence number of D(G) are established. Regularity of D(G), in some partial cases, is dealt with.
Connectivity, clique, chromatic and domination number
It is easy to see that a group G has a unique maximal subgroup if and only if G is a cyclic pÀgroup. We emphasize that in this work G is a finite group different from a cyclic pÀgroup where p is a prime number. DEFINITION 2.1. Let G be a group and F(G) denotes its Frattini subgroup. We associate a graph D(G) to G whose vertex set is fH`G j HÀ j F(G)g, consists of proper subgroups H which are not contained in F(G), with two vertices H 1 and H 2 adjacent if and only if G hH 1 Y H 2 i. REMARK 2.2. Let G be a group and H G. We have H F(G) if and only if hHY KiÀ 4 G for each 1 T KÀ 4 G. Because F(G) is exactly the set of non-generator elements of the group. Thus to avoid isolated vertices we consider proper subgroups which are not contained in F(G).
In this section we firstly find the order of this graph and determine its clique and chromatic number. We classify groups with complete graphs. In the sequel we show that this graph is connected and classify groups whose graphs have domination number 1.
PROOF. The vertex set V (D(G)) of the graph, is GÀinvariant under the conjugacy action of G.
Also for each i P f1Y 2Y F F F Y tg and each g P G, we have deg(
PROOF. Firstly note that v(D(G)) x(D(G)). Let the vertex M P w(G)
be colored with a color C. Now we can color all subgroups contained in M (if any exist!) with C and since all vertices out of w(G) are contained in elements of w(G), we have a coloring for
Now note that w(G) is a clique for D(G) and so jw(G)j v(D(G)). This finishes the proof. p THEOREM 2.5. D(G) is complete if and only if G is one of the following types:
(1) G P Â P, where P is a group of prime order.
(2) G P Â j Q, where P and Q are groups of prime order. (3) G Q 8 , the quaternion group of order 8.
PROOF. If G is one of the types (1), (2), (3), then clearly each vertex of the graph is a maximal subgroup of G and so D(G) is complete.
Conversely, let D(G) be complete. We have jw(G)j ! 2. Fix M P w(G) and
Again by completeness of D(G) we have M hx j i and so M is a cyclic pÀgroup, where p p j . Now two cases hold:
is not complete. Hence n 2 and so G Z p Â Z p and thus G is of type (1) . Now let jp(G)j ! 2. Since all maximal subgroups of G are cyclic, all Sylow subgroups of G are also cyclic and by [10, Theorem 10.1.10], G is solvable and splits over G H , the derived subgroup of G. So there exists a subgroup K of G such that G G H Â j K and jG H j and jKj are prime numbers. Hence G has type (2).
Recall that all groups in the paper are different from a cyclic group of prime power order, so the case (i) cannot happen.
Suppose that (ii) holds. If n ! 3, then G has a non-cyclic maximal subgroup and so n 2. Thus G has type (1) . Now suppose that (iii) holds. Then clearly hxi and hxY a 
(2) Let M 1 Y M 2 P w(G) and take z P G n (M 1 M 2 ) . If hziÀ 4 G, then we have a triangle in D(G) with vertices fM 1 Y hziY M 2 g, hence g(D(G)) 3. Thus let G hzi and jzj p 1 n 1 Á Á Á p k n k , where the p i 's are distinct prime numbers k ! 2 and n i ! 1 for 1 i k. Hence G Z p 1 n 1 FFFp k n k . If k ! 3, then jw(G)j ! 3 and clearly g(D(G)) 3. Now let k 2. If n 1 1 or n 2 1, then D(G) is a star graph and so does not contain a cycle; a contradiction. Thus n 1 ! 2 and n 2 ! 2, from which it follows easily that g(D(G)) 4.
(3) This is straightforward. p
. By (3) Recall that, by [10, Theorem 9.2.1], every finite solvable group G has a Sylow basis, namely a set of mutually permutable Sylow subgroups, one for each prime dividing the group order. THEOREM 2.9. g(D(G)) 1 if and only if G is solvable with a Sylow basis fP 1 Y P 2 g such that P 1 is a cyclic maximal subgroup of G and F(G) is a maximal subgroup of P 1 , or G is a pÀgroup of order p n , where n is a positive integer and G is isomorphic to one of the groups:
nÀ2 iY p is a prime number and
PROOF. First let G be a solvable group with Sylow basis fP 1 Y P 2 g, where P 1 is a maximal subgroup of G and F(G) is a maximal subgroup of P 1 . We show that fP 1 g is a dominating set for D(G). Suppose that H P V (D(G)) n fP 1 g. If H`P 1 , then HF(G) P 1 and maximality of F(G) in P 1 implies that HF(G) P 1 . Since G P 1 P 2 HF(G)P 2 HP 2 , and thus H P 1 a contradiction. Therefore HÀ j P 1 and so hHY
, which is a cyclic maximal subgroup of " G, so " A h" ai for some
because A is cyclic. Therefore hKY Ai G and so K $ A. Thus if G has one of the types (1)- (5), then g(D(G)) 1.
Conversely suppose that g(D(G)) 1 and D fAg is a dominating set for D(G). We claim that A is a cyclic maximal subgroup of G. If not, then there exists a maximal subgroup M of G such that AÀ 4 M and A is not adjacent to M, which is a contradiction. Hence A is a maximal subgroup of G. Now take a P A n F(G). Then the vertex hai is not ad-jacent to A and so A hai and the claim is proved. Clearly F(G) is a maximal subgroup of A. Therefore G is a solvable group and A is of primary index (see [10, Exercise 10.5.7 and 5.4.3-(iii)]). Suppose that jG X Aj p n , where p is prime and n ! 1 and P is a Sylow pÀsubgroup of G. If G is a pÀgroup, then by [10, Theorem 5.3.4] G is one of the types (1), (2), (3), (4) and (5) . Therefore suppose that G is not a pÀgroup. Since G is a solvable group, it posseses a Sylow basis
Without loss of generality we can assume that P i AY 1 i l, (see [8] ). If P 1À 4 A, then P 1 is not adjacent with A, a contradiction. Thus A P 1 , that is fAY Pg is a Sylow basis of G as desired. This completes the proof. p
Bipartiteness and regularity
In this section we firstly investigate D(G), when it is a cycle or when it is bipartite. Then we classify groups whose graphs are rÀregular for r P f3Y 4g. where n i ! 1Y i P f1Y 2g.
, then D(G) C 4 where C n denotes the cycle of length nY n ! 1.
Conversely let D(G) be a cycle. By Lemma 2.6,
is complete and by Theorem 2.5, G is isomorphic to one of the following:
We can assume that p T q and so we have V (D(G)) Syl p (G) Syl q (G). Thus jV (D(G))j n p n q 1 p b 1 2 3 a contradiction. Therefore this case is impossible.
and obviously we have jPj 3 and jQj 2. Thus G S 3 .
Finally let jw(G)j 3. By [2, Lemma 1] G is a cyclic group of order p n q m r k , where pY qY r are distinct primes and nY mY k ! 1 or G is a 2Àgroup. In both cases one can easily see that jV (D(G))j 6 and any two of the maximal subgroups of G have no common neighbors as shown in Figure 1 . Now note that Conversely if D(G) is 4Àregular, then jw(G)j 5. First let jw(G)j 5. So D(G) K 5 and by Theorem 2.5, we have G P Â P or G P Â j Q where P and Q are groups of prime orders. By an easy inspection we can see that neither case can happen. We claim that if jw(G)j 4, then D(G) cannot be 4Àregular and this case also does not hold. In fact if D(G) is 4Àregular, then G has a non-maximal subgroup H which contained in exactly one maximal vertex of
Since deg(H) 4, D(G) has another non-maximal vertex different from H, say K. Similarly K is contained in exactly one maximal vertex of D(G). This shows that there exists a maximal vertex of D(G) whose degree is greater than 4, which is a contradiction. Thus the claim is proved. Now let jw(G)j 3. Similar to the proof of (1), we have jV (D(G))j 6 and so any two maximal subgroups of G have a common neighbour and every maximal subgroup of G contains exactly one vertex of the graph which is shown in Figure 2 . Again by [2, Lemma 1] G is a cyclic group of order p n q m r k , where pY qY r are distinct primes and nY mY k ! 1 or G is a 2Àgroup such that G F(G) Z 2 Â Z 2 . If G is of the first type, then obviously each maximal subgroup of G contains more than one vertex of D(G), which is a contradiction. If G is of the second type, then each maximal subgroup of G is cyclic. To see this suppose that H is a non-maximal vertex of the graph. Then there is a maximal subgroup M of G such that HÀ 4 M. Now take x P M n (H F(G)). 
